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Three Gradients and the Perception of Flat and Curved Surfaces

James E, Cutting and Robert T. Millard
Comell University

SUMMARY

Besearchers of visual perception have kong been imterssted in surfaces. Most prschologists
harve been interesbed in the perceived slant of a sarface and in the gradients that purportedly
specify it Slans is the angle between the line of sght and the fangent to the planar surince
al any paind, aleo called the furace normeal Gradienss are the sources of information
that grade, or change, with visual anghe 85 one beoke from one's feet upward 1o the horizon.
The present arlicle eaplores three pradienis—pemspective, compression, and density—
and the phenomenal impressson of lat and corved surfaces, The perspective grindiear is
measured at right angles w the axis of tilt ot any point in the optic prmay; that s, when
kooking doen a hallway al tee tiles of & floor receding in the disiance, perspective is
measured by the x-axis widih of each tile projecied on the image plane orihogonal o
the hne of sight. The compression gradiesd B the ratio of v/x azis messures on the
prigectad plane, The dersity pradiens s measured by the nomber of tiks per anit solid
viswal angle. For flal surfaces and many odhers, perspective and compeession gradients
decrease with distance, and the density gradient increases. We discuss the manner in
which these gradients chanpe for varipus types of surfaces. Each gradient is founded on
a different sssamption aboul texiures on the surfaces around us,

In Experiment |, viewers sssessed the three-dimensional character of projections of
flar and curved surfaces recediog in the distance, They made paitwise judgments of
preference amd of dasimdbarity among eight stimuli in each of four sets. The presence of
cach gradient was manipulated orthogonally such that each stimulus had rero, one, tw,
of three gradients appropriate for either a flal surfece or @ curved surface. Judgments
weiree e fon surfaces with both regobarly shaped and irregulory shaped fextures suttered
ot Lbem. Al viewer assesaments were then scaled in one dimension. Multiple correlation
and regression on the scale values reveabed that greater than 8% of the varnance in s=le
values was accounted for by the gradicnts. For the flat surfoces a mean of 65% of the
variance was accounied for by the perspective gradient, 28% by the density gradient, ancl
6% by the compression gradient. For curved surfaces, on the other hand, o mean of 96%
of the varkance was accounted for by the compression gradeent, and less than 2% by
cither the perspective gradient or the density gradient. There were no differences begween
resulis for surfaces with regularly shaped and irregularly shaped textures, demonstrating
remarkable wlerance of the visoal system For statistical variation,

The differential resulis for the fist and curved surfaces suggest independeni channels
of information that are available in the optic armay to observers for their use at different
tiees and in different situations. We argue that perspective information seems to be mos
important for fatness judgments because thot information is o component of an invariant
available o viewers about flat surfaces. We also argue that compression is important foc
curvature judgments because it reveals potential nonmonotonicities in change of slant,
the angle between line of sight and a line orthogonal to the local surface plane. In
Experimeni 2 we show that when the height of a curved surface is diminighed encugh
te create & nearly monotonic compression function, viewers cannaot distinguish such a
surface from one that is flat.

Finsally, we suggest two things with regard to the existing literature on surfsce peroeplson.
First, although psychologists have been very interesied in the perception of slant for a
flat surface, we argue that slant is & largely irrelevant variabie for the perception of latness
Theat i, slant infor mation is functionally related 1o compression gradients, and compression
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gradiemis appear nod 10 be wied by perosivers in their judgments of ainess in surfsees.
Instead, relative shants are important in the perception of curved surfaces, whene compres-
sion accounts for almost all of the variance in viewens” judgments of curvaiune. Second,
although researchers in the keld of artificial intelligence have lorgely shunned the study
of grudients as irrelevant to the percepiion of surfaces, we believe that our resulis sugpest
that the information in gradients i crscial for ther perception.

How do we perceive the layout of surfaces?
What information is available to us, and what
information do we use? Such questions have
intrigued psychologists for a third of a century
{see Gibson, 1950) and they are increasingly
central to artificial intelligence approaches to
vision (see Bajesy & Lieberman, 1976; Marr,
1982; McArthur, [982; Stevens, 198 1a; Wit-
kin, 1981). Gibson and his followers took the
position that we perceive surfaces with regard
to sluni—the angle of incidence between the
line of sight and a line orthogonal to any par-
ticular point on the surface of regard, called
the surface movmal. I is slant, according to
Gibson ( 1950; but see 1979, p. 196), that gives
rise to various gradients of texture and that
promotes the perception of surfaces receding
in depth.’

Continuing interest in perception of skant
has penerated a large literature (see, e.g., All-
fedve, 1972; Beck & Gibson, 1955 Braunsiein
& Payne, 196% Clark, Smith, & Rabe, [955;
Epstein, Bontrager, & Park, 1962; Flock,
Ciraves, Tenney, & Stephenson, 1967; Free-
man, 1966; Gillam, 1970; Olson, 1974: Per-
rome, 1980; Phillips, 1970; and Rosinski &
Levine, 1976). This litcrature generally shows
twi things: (a) observers are not very good at
judging absolute slant, and (b) they arc quite
good at judging differences in slant, The first
of these findings seems unsurprising and not
particulary relevant to the perceplion of sur-
faces; the second is relevant, but has not, in
our opinion, been applied to surface perception
in &n appropriale way.,

With regard to the first point, for example,
we believe that observers do not ofien need
information about absolute slant. When look-

ing out onto & lat terrain, one Ands that the
slant of the surfice of support is perpendicular
to the line of sight al one's fiest, and that it
grades uniformiy 1o the borizon where it be-
comees parallel to the line of sight. At all points,
the surface is flat, but slant is changing. It is
difficult o waderstend how compuiation (or
pick up) of absalute slant would be relevant
o the perceplion of the shape of the surface
without other information, such as where par-
ticular portions of surface are with respect to
the observer. Moreover, the observer needs to
perceive only that relative slanis and tilts at
different points in the visual field give nse 1o
the shape of that surface and to the relative
distances of various poinis on it

With regard to the second point, the dif-
ference between slants of two patches of surface
i5 also insufficient evidence in iself to deter-
mine whether ihese two parts of a surface are
coplanar or noncoplanar, Information about
spatial arrangement must also be available. In
other words, the same change in slamt, de-
pending on overall spatial arrangement and
on viewpoint, could indicate a fat surface, a
curved surface, or even two unrelated surfaces,
Slant, as it turns out, appears to be crucial
only to the perception of ceriain kinds of sur
faces, and we will return 1o its discussion later,
In essence, we demonstrate that slant is largely
ij;ml:muttuﬂ'u: perception of flainess in sur-

CES,

A second and related literature has not
measured percepiual sensitivity to slant. In-
stead, it has dealt with the phenomenal
impression of three-dimensionality of receding
surfaces (see, eg., Attneave & Olson, 1966,
Braunstein, 1976; Marr, 1982; Stevens, 198 1a;
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| Researchers now realize that rifr—the angle between
thé surface normal and tree verticnl as messured on a
prajection plane orthogonal to the line of sghi—is o sep-
arale and equally important sarisble (Mo, 1952, Stevens,
15Ela 19831 Meveriheles, ot is sland that has capsured
thé altéfison of psychalogesis
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Vickers, 1971 Witkin, 1981)% It 15 this liter-
ature, we believe, that is a more appropriate
glarting point in trying to answer the questions
posed at the beginning of this article—how
we perceive surfaces, what information is
available, and what information we use. Typ-
ically in these studies, researchers employ sys-
tematic variation in surface textures o study
the effect on perception of surfaces receding
in depth. This variation grades with visual an-
gle for height in field where 90% is at the ho-
rizon and 0° is &l one’s feet), and gives rise
to the study of gradients.

Gibson (1950, p. 78) was the first to discuss
the perception of surfaces in terms of “'stimulus
gradients of the density of texture and the size
of objects.” This long and cumbersomse ph:-m:
was then shortened to “density gradients™ or
sometimes “fexture gradients”” These gra-
dients were taken, by Gibson, to be the primary
source of information for the perception of
surfaces. But gradients have speciated since
Gibson first wrote of them. We now know, for
example, that the density gradient, per se, is
not very effective in revealing a surface re-
mﬂumd&p&{hmn. 1076 Marr, 1982;
Stevens, 1981a), but this jumps us too far
ahead in our discussion.

Assumptions and Gradients

First, we must consider the nature of the
textures that pepper the surfaces around ws.
Whether we are talking about walls, floors,
greenswards, parking lots, tundras, deserts, or
goean surfaces, three propertics that generally
hold are the following:

Asumption 1: Texture elements are
roughly the same absolute
iz,

Texture elements lie flat or
nearly fai on the plane.

Texture clements have
roughly uniform, absolute

Assumplion 2

Assumpion 3;

Spcing. |
These are the properties that give rnse (0
systematic change in the optic array. Study of
flat surfaces has revealed many sources of in-
formation that grade with visual angle. These
are all separate texture gradients. Six such gra-
dients are most often discussed. Each is typ-
ically measured vertically in the picture plane
under the assumptions that the surface has
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neither tilt nor horizontal perturbations. The
first s the perspective gradient, and it follows
from Assumpiion | Perspective, sometimes
called scaling, can be measured in several ways.
The most secure is the horizontally measured
relative optic angle for any given texture. This
gradient changes as a direct function of three
parameters: d or the distance of a particular
texture from the observer’s feef, ¢ or the eye
height of the observer, and £ or the size (radius)
of any given texture in the real world. OF
course, the additional asumption that textures
are roughly circular is also being made. The
aptic angle P for the perspective of any given
texture along the ling of slant 1s expressed as
the following:

P = 2-arctan[tjid* + ¢M)'7). (n

Convergence, or linear perspective, is a special
case of this gradient, an idea that we will return
1o in the discussion of perspective and flatness.
The second is the compression gradient, which
18 sometimes called foreshortening. 1L follows
from Assumption 2. Compression, the pro-
jectively vertical optic angle C for any given
texture element along the line of slant, is a
function of these samé paramelens:

= arctan[{d + ]
- arcian[(d — el (3

It is cuslomary 10 measure compression
against perspective, hence the compression
gradienis used to generate stimuli in this study
are actually CfF at a given distance and eye
height. But because Equation 2 in its present
form will be helpful throughout this presen-
tation, we will use it to stand for the inde-
pendent information in compression gradients.
The third is the densiry gradiens, which results
from Assumption 3. Density is the number of
exture elements per unil solid visual angle,
Ignoring the difference between spherical and
planar geometry and assuming that the tex-
tures are equally spaced at an average of 2n
units apart in all directions, measured from
texture center to texture center, the relative
density gradient 7 at any point along the line
of sight can be specified as the Following:
= |/ [arctan[(d + n)/e]
- arctanf{d — n)/e]}

# 2 arctan{nfd® + €2 (3)
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Motice that if { and n are systematically related,
D is a Tunction of Fand C. A fourth gradient
is the size pradiens but this 15 always a straight-
forward multiplication of P and , a fifth is
the morion gradient {scc Braunstein, 1976;
Gibson & Carel, 1952), and a sixth is the in-
tensity gradient (see Horn, 1975; Marr, 1982;
Todd & Mingolla, 1983). The latier two are
bevond the scope of this artcle. The first
three—compression, density, and perspec-
live—can be sptr_'lﬁl:d independently for a
static surface, and it is these gradients that
CONCErN WS,

It is penerally known that the perspective
gradient i more potent than compression (e.g.,
Rosinaki & Levine, 1976; Vickers, 1971) for
the perception of a flat surface receding in the
distance, and that the density gradient s nei-
ther necessary (Marr, 1982, p. 237) nor suf-
ficicnt (Braunstein, 1976, p. 48). But we do
not generally know the full ordinal rankings
of these three gradienis in their use for per-
ception. One of the goals of this study is to
determing the relative importance of each of
these gradients in the judgment of flat sur-
faces—with the expected oulcome that the
perspective gradient would be more important
than the other two. Moreover, importance is
assessed not only in ordinal terms, but in pro-
portional terms as well through the use of var-
ious scaling and regression techniques. A sec-
ond goal of this study is to investigate the rel-
ative importance of these three gradients for
the perception of curved surfaces. Litile is
known about the perception of these gradienis
in nonflat conditions (although Todd & Min-
golla, 1983, have studied intensity gradienis
for curvaiure). One might expect tha
compression would be relatively more impor-
tant for curved than for flat surfaces, butl no
other clues to possible outcomes scem avail-
able. What follows is an empirical analysis of
the relative import of three gradients in the
perception of flat and curved surfaces.

Experiment 1: Perceptual Assay of
Flat and Curved Surfaces

Method

Tien vuewers partcipatad in four bk the 2 awilbers,
ared B mmbers of 1he Comell commusity wha wihe tave
1o the notion of gradients and who were paid far their
services, T tasks entailed judgments of the Batness of
textured surfaces recedieg in the distance, and two entadled
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e judgments of the curviine ol lexiured sarfeces receding
in ihe distence, Crossed with this flatiourved distinction
was anoiler: In teaa lasks the viewers were proseniad wilh
warfaces peppered with regular octagons, asd in the other
two they saw surfaces with irpopular octagoss, The four
tasks were calied fs‘regular, Qs irregular, curvedsregular,
and curvedirregular. Tasks wene self-podx] and ok abous
35 min each to complele. The order of participation was
hadamced in o partial Latin Square design (with 2 observers
iin ench of teo orders, and 3 in each of two olbers). Viewsrs
pariicipated individually for two sesions, each lasting |
i 15 min. Each 1ask was preceded by & fousiiem practice
sequence 1o (amilkarize viewers with the stinulas range
arl with the responses they were 10 make,

Each task consisted of 56 inals &l possible

comparisons among sight dilfirent stimmuli (28) 1aken in
hulhlpﬁ.-quhttlnﬂ]mdr‘hlrhﬂm—umw
Ench wirwer was presented with o differest random order
of trals. On & given trial, the viewsr made two responses
of stimnulus comparison, Firs, he or she indicsied whick
member off the pair {L or B) booked maore like o flat (or
curved) surface receding in the distance, This jedgmens
was called 1he preference fizdgrmem, and formed the basis
of Cas: 5 Thursionian scaling, discussed later. Second, he
or she indicated the degree (1 10 9) to which the praferred
stinomlus revealed flaimess (or curvature) aver the nonpre-
ferred stimubus. This judgment was called o abesimeiloniy
jadgrnews, and formed the hass of metric multidimensional
seading, discussed later, Viewers typed their responses on
A comsole, and indiidual data fiks were armangsd apd
sroned by compuies These responses, which were clearly
infereniial asd nol direet an the parnl of the obeeryes, were
wsed o make inlerpretalioms about phenomesal impres-
sions of the stimuli. Thus, direct perceptson (Ciabson, 1979
was il being tested; only the information that oould serve
direct perception wes being swsessed.

Stimuli were penerzied om 8 Hewlett=Fackord (HF)
10MIL. compuder, and displayed in an HPI3SOS vecton
phottieg display sysem. Esch stimulus pakr was generaied
wniguely for each trinl, for esch conditson, and for each
subject. They wene shinn ehde by gide 1o the viewer, with
a vertical ling betwsen them. Sinee the experimental room
was moderabely Bl 1he gides of the memitor could be seen
uﬂ:hmiqlhnumudhmh‘nup.m
the simusli Inoked like representations of degrih rather than
real depth, Sample stinvli for each of the eight trisl types
in ench of the four comditions are shown in Figeres | and
2. The eight stimali for the Aat/regular and flat/Frregilas
insks are shown in Figare |, and those For the curved)
regular and gurved firregalar asks are shown in Figure 2,
]l:ﬂhr:u.‘. Svimmlus | inclicased a simalus with no

Stimulus § has both compression and dessity, Stimulues 6
s by ciompression and ive, and Stimulus 7 has
byt density ond perspective. Stinvolus B Bas afl three ap-
progriate gradients. Im Figere |, those stimuli without o
particular gradient appropriace for Satness hove a disiri-
bution of sextunes that 15 uniorm From ke Boisom 10 the
wop of the panel. Techndcally, ibis means thaa the gradice
i approprisie for a surface arthogonal to the line ol sgh
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Fipure [, At the iop are cight sample sticmli representing flat susfisces peppered with regular texienes, snd
al the bogicen are eight with irregular texbores. (Stimali | have no gradients appropeiate for @ receding st
apsene, wilh Stmulh 2 having a comgpression grodiend, Stiomli 1 a dersity gradient, and Stmali 4 8 perspective
receding in depth as the original stimati. Because of the use ol palar progecibon and because of ihe reduction
in size, the compated station pednt for each stimulus wouald be about 2 in. [5 cm] away from this page.)

Stimuli 6 compression and perspective, and Stimuli 7 density and perspective; and Stimuli B hove all thres
gradients. These representations, because of their reduction in size, ane nol searly so impressive a8 surfaces

warfpee, instead they are these of o surface aribogonal 1o the lime of sight; Strmali 2-4 hine one gradeea

gradient; Szimuli 5-7 have twn

Fignre 2. The same arrangements as in Figure 1, bud far carved surfaces.
textures and those &1 the boltom irmogalar exbars. Inappropriabe gradients are
surface. Thus, Stimuli | 0 i figure are the samee as Scimsall 3 0 Figuee 1, Again
are miach reduced asd hence less impresive Than those seen by ibe pamicipanis
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I#nch @ & slightly careed wall) and inapproprisie for &
horizosial surfscy receding froen wiew. Since the regalsr
oclagons are slansed, the textures im Stnvalus | may be
those on a venetian bind. Again, coe should nole that
compressios volues are considered a5 CF, nod simply ©
in Equation 2. In Figure 3, thase stimulh withowt a par-
ticular gradient appropriate for carvalans hive a gradient
thai is approgriaie for the Nl swifses of Figure 1. Thus,
in Figure 1 ihe conflict of indormatson in Stmali 2-7 is
between gradicsis thal specify horizondal Batness versus
niear virical llainess, wherens in Figure 2 the condlict is
between gradiends izie for carvardurs and thoss ap-
propraate for Borizontal fainess, [n other words, Stimeali
| in Figure 2 are the same {in terems of gradeenis) as
Stimali & in Fagere |, Because of thelr reduction in aire,
the sample sisull of Figures | and 2 &re not nearly as
comvincieg 45 those viewed by (e parlicipants.

The projecthe peometry of the viewing sibeation was
= follows: The viewer a1 so that he ar she siw the stimasli
fren the projecied slation point. IF one considers 1k wnit
ol distance from the viewer's eye o the surface of ihe
progecied plane as | eve helght, ihen the front of ik
plane v ata distamce of 10 eye heighas from the observer's
feet and the back of that plane at 5.0 eye hoghts. The
distarce across the Tromt of the sarface seen through the
wissiihie wamdow wa 016 ove beighls, and (the distmce acriss
the back of the seen surfice was (.36 eye heights. For flas
sarisoes a1l ixtupes were viewsd fram o aniform eve height;
fior carved sarfices, the corvature was convex, fallowing
an tverse cosmusoid (1 - oos 8) with an excursion depth
al 0114 sye heights. That s, the front edge snd back g
al the viewed surface were at 1.0 eye heights, bud in betwesn
the surfnce sloped npward msch thal e middle was 086
relativi eye hesighis heliow the sistion poing, For an observer
1.83 m {& Ft) ealll, with am eye height of sboud 1.7 m. the

ight of the cosimuscsde! bill was 0,238 m for 9.37 in
This kill was ane dimemsional, with varialion only from
frond to back Dor bosom 60 lop in the picture plane). There
wns no dil ard no vasistios i 181 The refations are shown
in the top panel af Figure 3. Notice that there were nis
el usions,

T arenid the powerfial cwes of Ensir perspective, testures
{regaler or irregular ociapons) were placed on the surfaces
at rasslom becatkons wilkin cells om & grad. Bach cell on
the surface wias a reclangle. These cells projeciead #s trap-
e on (e moope (e for Bat surfaces ard curved suripess
ﬂlhﬁﬂmmmmmum
ﬂlmh]]mllﬂﬁqlhaﬂrmmmm
cetagons were formed by genemting n rasdom pamber
between 001 and 002 eye heighis and usicg that valee
Hnrl;id.m-truluzu:hu% of eight angles {0 walues)
spaced 437 pround a . Thus, the irreguslar shapes hod
the miean radisl ststicties of the regular Sapes, bui no
invariani properises per so For the curved surfaces the
reniure-slae stantsiics were iwice as greal, and their nember
lbﬂlihﬂfumu‘.'ﬂuruﬁuu]:hﬂhﬁdumwu
coisputatiosal: Because each sfimmiles wes mpu'md
unsquely lior esdh trinl and becasse the compuiabons (or
a curved sarfoce are much more complex, the mertrial
knterval woakl bave been inordinaiely long—oa the ander
of o minuie—nad the texiures been as plentifal in the
curved surface comditions.

If ome considens: the hortzon to be ot an optic angle of
S0 and & poant directly beneath ane's eyes b0 be ag 0°,
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Uk Ehe window through which the textured surfaces were
Seon wak between 63° amd T8°, Using textures at 45° (or
the horizontal distamce catward of | eye height) & an

geometry of the setting
NMEWING WINDOW

L

1] 2 B

distance in ey heights

flat surface

“{"T oo !

B

curved surface

ARBITRARY LUNITS

O /

&0 0
OPTIC ANGLE

Figwre 3. Geometry of the viewing situation and gradienis
for pwn surfaces. (The upper panel shaorss the viewed surface
between 2 and 3 eye heaghis gy fros the observer, sub-
tendimg the opie srray hetween 53° and 797, il the horzon
is considered 1o be 8 90, The Bill for the csrved surface
is (.14 ey heights in elevation. The middle panel shows
the relnthve values of each of the three pradients through
ik optic array from 457, 1 eye height distant, o 90° for
{luit susfeces. In the text this is called optic angle o, Vertical
markers indicare the region within the window of the display
scop. All gracients are arbitrarily sornsabized g1 45, The
Hritcn pamed shoms the relative walues of the three gradients
for the curved surfsces. Wiaa i labeled as compreasion
is the Function generased by Equation 2. True

is nctually CFF or the swvome of Equation 2 divided by
ihat of Equatkon 1.5
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arbitrary anchor for caloulating gradient values, ihe dhange
i the €, [, and P grodsents For a By surfsce cam be seen
ins the middle panel of Figure 3. Thes: ant generated from
Equations 2, 3, and §, respectively, and assanse po varistion
i size, flakness, or dessity of texiures ? Allowing for random
mearmal variakion in thess messares, which (s found for
density in all four tasks and found For compression and
perspective for the two ks involving irregular leafures,
we might bave introduced confidence hands arcamd thess
functions, Thus, one could consider these grodient fanc-
1hors s bacad smears with only their central tendencics
shown in Figure 3, Motce thal all thees are differend, but
willin the window used in thess experiments the change

each of the gradienis is roughly comparable, The gra-
dients for the curved surfnce are shown in the botiom
paesl of Figure 3, Here one can see thal the change in
the gradsents i rather marked for compression ard density,
it bess so for perspective. On the basis of thess plots, oes
might expect that all three gradiess would be abowal agpelly
importani for judging the Bainess of a surface within the
ramge ol 6 3° and 78", and that C and [ evald be relatrely
e emporiant than P in judging the carture of sarfsces.
The results of the following experiment show (hat neither
of these predictions is obisined.

Analysis

The data for each subject in each task were
assembled into two 8 * 8 matrices with major
diagonals missing: one matrix for the prefer-
ence data and one for the dissimilarity data.
Consider first the preference data. Phi coef-
ficients were computed for the 56 judgments
for each of the 10 different subjects for each
task. Mean phi coefficients were (593 for the
flat/regular task, 468 for the flat/irregular task,
.336 for the curved,/regular task, and .319 for
the curved/irregular ask. Since these means
are all reliable (p < 025 or beter), one can
see that there is good comrespondence among
the viewers in their preference judgments on
all tasks.

The 10 individual preference matrices were
folded and then averaged to create a single
half-matrix for each of the four tasks. Those
matrices were then subjecied 1o Case 3 Thur-
stonian scaling (sce, e.g., Baird & Noma, 197E)
in order to obtain one-dimensional preference
scale values for the cight different types of
stimuli in each task, The average discrepancies
for each scaling solution were quite low, in-
dicating () an excellant fit of the data by chi-
square goodness of fit ests and (b) additivity
of all jodgments. The average discrepancy for
the flat/regular task data was .07, ¥'(21) =
2109, p > .35; that for the flat/irregular task
data was .05, ¥(21) = 6.59, p > 99 that for
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the curved/regular data 07, x%(21) = 9.84,
p > 98 and that for the curved/irregulas
duta was 07, x(21) = £.79, p > 99, The
scale coordinates for the four lasks are given
in Tabde 1.

The dissimilarity data were treated differ-
ently. The individual matrices were first folded
across the diagonal, averaging those judgments
af dissimilarity involving the same stimuli
provided they passed a consistency check. This
check can be described as follows: Consider a
trial presenting Stimulus 2 on the left side and
Stimulus 3 on the right as a 2/3 trial, and the
reverse configuration as a 3,2 trial. If the ob-
server responded L4 on the 2/3 trial and R7
om thi 372 trial, then the observer consistently
choee Stimulus ? over Stmalus 3, and the
dissimilarities would have been amd
would have equaled 5.5, If, on the other hand,
the ohserver responded L4 on the 2/3 trial and
L7 on the 3/2 trinl, then the observer was in-
consistent and preferred Stimulus 2 once and
Stimulus 3 once. In such cases the dissimilarity
judgments would have been considersd the
absolute value of the difference, divided by 2
Thus |4 — 7|/2 = |7 — 4|/2 = 1.5. The data
in the resulting half-matrices were then nor-
malized to reduce the effect of individual dif-
ferences in the use of the 1-to-9 rating scale.

To ensure that individual variation was
minimal, the hali-matrices for all subjects wers
intercorrelated for cach task. Mean correlation
fior the flat/regular task dissimilarities was 842
that for the fat/irregular data was . T81; that
for the curved/regular data, .729; and that for
the curved/irregular data, 692, Since these
means are all relinble { p < 001 or better), one
can see that the dissimilarity data also have
good intersubject correspondence,

The 10 individual half-matrices were then
averaged 1o create a single half-matrix for each
of the four tasks. Those matrices were then
subjected to multidimensional scaling. with

! Motlor that what is indicated 25 compression in the
livwer twn panels of the figure sems from Equation 2 for
the flal surface and 8 modification of i for the curved
surifsce. Compression, as defined for the stimuli ussd i
thew experiments, is divided by perspective. The two
fumctions are separated here bocause, lor ressons that are
nit analytically obvioss tous, CfF = £F or C{of Equatson
1= EP? {of Eqgastion 1], In other words, the perspective
(P anid compression (CfF) funitions would be identical.
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Tahle 1
Resulting Coordingtes for Thursiomian Sealing of Preferences and Merric One-Divsensiong!
Sealing of Dissimilarities
Flat sirlice Curved surfiece
laf v
Reggii Erepaiar Regular Isreguls
Prefer- Disimi- Prefar. Hssimi- Frefer- Disssss- Frefer [iasimi-
C n P enen lariiy Ence lasiiy EcE [ rner ity
i & @0 a 2502 1,360 .37 0524 L4t 1244 136 o
k 1 0 a 232 116§ 2,10 0.39% 1196 =L HE] DoRT =R
i 3 -] 1 a L] DaDE 1992 0327 0574 0913 1178 1,156
4 g 0 1 1447 —{. 1 ¥ L.a2% 0.8 1.225 1.0 1406 14198
5, i 1 o 1.1 [iEET 1oez 0,104 11000 ~3, 767 0.287 =002
& i 0 | 0.89% —0La51 0907 (004 =021 =00 ERT g —OiRLE
f ] 1 i 0754 —1.07% 44K {574 | 064 o743 1043 T
i I 1 i 110D =1.71%9 0100 = | 0k =41 1§ -3 Gl - L3R

Mo, O slsads For the compression gradient (actually C3PL, 5 for the density gradiess, and P for the perpective gradient. Fresence of
an apgeopriale gradient i indicaisd by 1. mapproprisiensss by 0. 52e the 120t and captioss for Figeres | snd' F for definitions of
apgeopriaienes, For bath preference and Siasssilanny vabues, the ke the number, the mors e slimuhe neeealod wither s 382 or carved

nurface,

the idea that salutions in one dimension would
be optimal. Monmetric scaling was attempted
at first, but this ked to several badly degenerate
solutions, Metnic scaling was then tried so that
small dissimilarities would not be underem-
phasized. Both Equation | and Equation 2
stresses were employed, Stress Equation 1 led
to somewhat more satisfactory one-dimen-
sional solulions, where siress for the flat/reg-
ular task data was 30, that for the flat,/irregular
data was .33, that for the curved/regular data
wis .22, and that for the curved/irregular data
wis , 19, Although direct comparison with the
fits of the Thurstonian scaling is not possible,
it is fairly clear that these data do nol fit as
well, With nonmetric scaling it is generally
suggesied (Kruskal, 1968) that with Stress
Equation 1, one-dimensional stresses of .20
are poor. Because metric scaling will almost
alvays lead to siress values thai are quite a
bii higher than corresponding nonmetric val-
LEs, il':lpmhuhl*gnl’:tuﬂyﬂmtﬂ:mﬁum
the data are fair.” Equation 2 stresses for the
four data sets given previously were 41, 47,
35, and .31, respectively. These values are
roughly in keeping with the idea that Stress
Equation 2 values are about twice those of
Stress Equation 1. The scale coordinates for
the one-dimensional Stress Equation | solu-
tions for each task are given in Table 1,

Next, the stimulus coordinate values in the
Thurstonian scaled solutions and in the one-
dimensional metrically scaled solutions were
used as dependent measures in multiple cor-
relation and regression. Dummy values (1 =
presence;, 0 = absence) of the compression,
density, and perspective gradients were used
a5 independent variables, as shown in Table
1. Here, the presence or absence of each of
the three gradients was used as a predicior of
the scaled preference data and of the scaled
disgimilarity data in each of the four tasks.
Thus, eight different multiple correlations were
cormnpuied, four for the preference data and
four for the dissimilarity data. Each K was
pulstandingly high, The smallest of the eight
R values was 992, meaning that more than
94% of the variance in each of the scaling
solutions is accounted for by the thres di-
chotomous variahles: compression, density,
and perspective. Thus, virteally none of the
variance in the scale data ks attributable 1o
noise, and we can partial out the varance ac-
counied for to the three independent variables,

e —

" Shepard (1974, p. 385) siggestad that too mech em-
wtility of scaled sobuisons is nod so much determined by
the “hadness of §it,” &8 by imerpreashility, Az wo dom-
onsirzie, the scale solwiions here &re highly inkerpretabie.
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Since the three gradients occur in the eight
stimuli in completely orthogonal manners
(each correlates with each other, F = 00}, the
semipartial correlations are the same as the
simple correlations. These values squared are
the proportions of variance accounted for in
the scaled solutions. They are shown in Table
2, and are the main results of Experiment 1.
Because of the low discrepancies in the pref-
erence scale solutions and the moderate stress
in the metric scale solutions, we felt justified
in assuming independence of the three gradient

MCASUTICS,

Results and Discnssion

There is a siriking comparability among the
four analyses for flat surfaces, and among the
four analyses for curved surfaces. Regardless
of whether one congiders the preference data
or the dissimilarity data, or whether one con-
siders the data for the surfaces with regularly
shaped textures or irregulary shaped texiures,
the results are virtually identical, For the judg-
ments of flat surfaces, between half and three
quarters of the variance is accounted for by
the perspective gradient, between one quarter
and one third by the density gradient, and very
little by the compression gradient. For the
curved surfaces, on the other hand, essentially
all of the variance is accounted for by the
compression gradient, and virtually none by
either the dénsity or perspective gradient.

The use of the metric one-dimensional scal-
ing solutions, even though they had moderate
stress, appears justified given the comparability
of multiple correlation results with those for
the preference data, The correlation of the
variances accounted for in preference and dis-
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similarity data is very high (r = .992). Given
the relative independence of the Two measures
{the consistency check in the dissmilarity data
keeps them from being completely indepen-
dent), and given the comparability of resulis
across regular and irnegular textures (r = J991),
the patiern of results becomes undeniable: The
perspective gradient is by far the most im-
portant source of information for judging flat
surfaces, bul there s some contribution from
the density gradient; and the compression gra-
dient is the sole source of information wsed
fior judging curved surfaces. The negative cor-
relation for the variances accounted for be-
tween fal and curved surfaces (F= —.776)
supgests further that quite different informa-
tion is being used in the two sibeations. Al-
though it is difficult 1o separate weights from
scale values in this type of design, the idea
that the variances accounted for reflects per-
ceptual impact 15 pursued,

There is some problem about the generalily
of the curved surface results. Afler all, every
flat surface is equally flat, but curved surfaces
can vary widely, and in two dimensions, not
just the one dimension {projectively vertical)
found in these stimuli. However, we think our
results generalize to ofber (and perhaps all)
curved surfaces given the modest size and
smoothness of the slope used here, and given
the power of the resulis. Omoe bocal orientation
of the surface, or tlt, 15 determined (Marr,
1982; Sievens, 1981a, 1983), differences in
compression along the axis of tilt will always
box of e s the determinant of local corvature,
Thus, compression shoukd equally well be used
o determine curves in walls and curves of a
surface of support in both one and two di-
mensions {see, for example, Marr, 1982, p.

Table 2
Fercemiage of the Farlance Accowated for by the Three Gradienis in the Scale Solutions
Sor Flar and Curved Sirfaces
Flat msrince Curved surfsce
Regular lrregular Regular Irregular
Profor-  Dissimi-  Prefes  Déssimd- Prefier-  Dhisums-  Prefes Dissinn-

Ciradient N lasity e kasily M enes larity ence harity M
Campression 1.4 14 T4 10 6.4 954 .4 L 8 | ¥R G, 1
Density 5.0 i LN =T IB.2 il LLL 14 oy L3
Perspective 62.3 TLE 566 6.5 Gl 0.6 LT e .1 0.7
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217, Figure 3-56b). We investigate compres-
sion and curvature in more detail in a later
discussion section.

Mismatch of gradient change and percep-
fior.  The patterm of resulis for the fat and
curved surfaces cannot be accounted for in
terms of how much each of the gradients
changes across the display, bottom to top.
Consider first the flai surfaces. As shown in
the middle panel of Figure 3, all of the gra-
dients change a substantial amount, as gen-
erated by Equations 1-1. The eatio of initial-
to-final values in the perspective gradients,
going from the bottom to the top of the dis-
pliys, is 2.27. The final-to-initial values of the
density gradient are a ratio of 4.20, and the
initial-to-final ratio for the compression gra-
dient is also 2.27, when taken as CfP. Thus,
whereas the perspective gradient changes no
more than compression and changes less than
density, it accounts for most of the variance
in viewers judgments,

This mismatch between results and the
chunge in the gradients is also found for curved
surfaces, Here, the comparison is between the
value of each of the gradients for the curve at
various oplic angles comparad with those val-
ues al the samie angles for the flat surfoce, This
entails a comparison between the lower and
middle panels of Figure 3, At the inflection
points, C is as much as 42% higher and 70%
levwer in value for the curved surfaces coms-
pared with the flat ones, But assuming texiures
are sampbed throughout the density function
{an assumption we will retum 10), density is
as much as 206% higher and 19% lower in the
same comparisons. Perspective is the gradient
that changes least, and only in one direction:
It is as much as 16% higher in the opper middle
af the display. Most interesting is the fact that
the compression gradient changes somewhat
less than density, yet it accounts for essentially
all of the variance in the viewers' responses.

The questions arise, of course, as to why
the perspective gradient (F) should be the pri-
mary source of information for flatness and
the compression gradient (C/P). for curvature,
These questions are dealt with later, But first
we emphasize that independent sources of in-
formation—ihe various gradients—are being
used for different purposes in different site-
ations, We befieve that the real world provides
a plenum of information that can be used in
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different ways and at different times, This study
15 4 testimony Lo the fact that mere specifi-
cation of the information available to a per-
ceiver is a foolhardy course of action if we are
o account for why we perceive things as we
do. The study of invariants and of variants
(like the gradienis here) in perceplion is in-
complele without the demonstration that these
sources of information are used by the per-
ceiver, Their differential use, as shown in this
study, suggests that we must go beyond the
information given and study how information
is used (Hochberg, 1982).

Against sirong inference. Finally, this kind
of experimental analysis shows that we shoold
be wary of certain demonstrational analyses
like those, for example, done by Stevens
(198 1a; Marr, 1982; see also Braunstein, 1976),
Stevens demonstrated that density gradients
are neither necessary nor sufficient 1o the per-
ception of a flat surface by showing that a
surface with perspective and compression gra-
dients bul no density gradients reveals a flat
receding surface, but that a density gradient
alone, without perspective and compression,
does not (see Marr, 1982, pp. 235-237) Yet
the results of this study show that density and
compression gradients together reveal flatness
in a receding surface better than perspective
alone for two out of four measures (see Table
I, Stimuli 4 and 3), even though perspective
by itself’ is the single most important gradient,*
This kind of quantitative analvsis demonstrates
the shortcomings of certain qualitative dem-
onstrations, For example, necessity and suf-
ficiency may not always be the firmest of
grounds on which to build systematic theories
of perception. The method of strong inference
(Platt, 1964) can be too strong, losing impor-
tant subtlety in phenomena and giving mis-

“It is the scaling vabues, bul not thos: for
desamilarities, that show this effecl. Motice that it poes
against the nofion that 553% of the variance is scoounied
far by perspective asd that 35% is accounted for by
campression nd density combined. Gur oady response 1o
this cosundrum is that these comparisoss have compar-
miively high bacal stress {discrepancy) arcand them, sug-
gesting & amall violation of addithvily of gradien infor-
mation. The raw dats in Bl cases ghere that Stimustus
4 (with perspective omly) wes prefermed over Stimulas 5
{with compression asd denssly) in 65% and % of all
direct comparisons (n the Natfregular and fatficregular
tasks, respoctively



208

impressions of the combinatorics of infos-
mation for visual perception. OF course, given
that we have used a single tilt, a single viewing
window, and one-dimensional gradients, we
are subject (o the same criticism. The point
remains valid, however, and we will be only
too pieased when better and more accurate
assessments than ours are made.

Let us now turn to why it is that perspective
is the salient gradient for the perception of flat
surfaces, and compression that for curved sur-
faces.

Perspective, Flatness, and an |nvariant

There are probably many ways in which a
human perceiver or & computer vision sysiem
might use gradient information 1o judge the
flatness of a surface. Because our data show
ihat human perceivers appear 1o use the per-
spective gradient as most reliable in this do-
main and because the other important gra-
dient, density, is under normal circumstances
computationally related to perspective (com-
pare Equation | with the last part of Equation
3 under Assumption 3}, our tack i3 1o try to
determine how a perceiver may determine
fatness from perspective,

We make the assumption that the visual
svstem is extracting some information from
the visual display, and that that information
15 invariant. Although the notion of invarianis
fior perception is not without problems (see
Cutting, 1983), invariants can provide anchors
of information for perceptual systems that can
guide perceptual process. We also explore the
ecological validity (Brunswik, 1956) of thess
sources of information in hopes of providing
further constraints.

Immediately, howeves, one should recognize
that gradients cannot, by themselves, be in-
variants: Things that grade, or change, with
visual angle cannot also be consiant, or in-
variant. Instead, the particular variant in mind,
the perspective gradient, is asumed to be as-
sociated with some other specifiable infor-
mation in the optic array thal is invarianl, or
at least roughly s, We assume further that
the invarant information in the opiic arciy 15
generated by some uniform property of the
tentured surface under scrutiny. The latter as-
sumption is esentially the same as we made

carlier: Texture clements are roughly of the
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same ahsolute size. This assumption then feeds
into the former: Since size—or in our case the
horzontally measured visual angle—will grade
wilh distance, we can use invariani relations
of size and distance in the analysis of latness,
The invaniant that we are looking for is an
information source that specifics flainess, One
way to tackle this problem is to consider eye
height, or € in the equations found at the be-
ginning of this article, as an invariant of the
situation where an observer finds hime- or her-
self in relation to a plane. Eve height, or the
distance to the eye from the plane as measured
along a line orthogonal to that plane, 1s con-
gtant in relation to all points on the surface
of the plane. If we can specify an invariant of
eve height whose basis i3 in the variable per-
spective gradient combined with some odher
varinble information, then we may have &
plausible invariant that perceivers could use.
Let us begin with a modification of the per-

spective gradient from Equation 12
P = 2-arctan[kfd” + 5],  (4)

where we are no longer directly interested in
the radius of a given texture ¢, bul instead
suhuiimt-nammkﬁrf.{'l'hnmmpﬁm
of roughly eqgual sized textures s still made.)
Let us next define an entity mentioned pre-
'-rluu.'.h’ optic &, which is the angle from any
given texture on the plane io the eyve and then
io the point on the plane just beneath the eye,
In this manner, the optic angle &« for the ho-
rizon 15 virtually 90?, and that for any texture
at one’s feet is near 0%, Thus, o is esentially
the information sometimes known as heighs
in the picture plane, The value of « depends
on two parameters already used before, dis-
fance from one's feet (or the point directhy
below the station point), and eve height;

a = arctan{d/e) (5)

Bearranging Equation 5 to express these re-
lations in terms of distance, we find that d =
&+ tan o Substituting for & in Equation 4, and
again rearranging the terms, we get the fol-
lowring:

an(F2) = kje* - tan® & + )2 (6)

Solving Eguation 6 for eye height, we get the
fodlowing:

¢ = k/[lan’(Pf2)-tan® a + @A) (T)
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Al this point, we need to simplify this cum-
bersome expression, First, because the horis
zontal visual angle P of any given texiure will
not be wery large, rarely larger than a few de-
grees of visual angle, tan’(Ff2) will be
small, For example, tan 2° = .03, and
2% = 001, Thus, the value of tan(F/2) typi-
cally will be insignificant, and could be omitted
from the last part of Equation 7, With its re-
mowval, the squares and sguare rool aperalions
cancel, Second, because for small angles a tan-
gent transformation 15 very nearly a linear
transformation, we can consider tan( P2} 1o
be equivalent to P times a constani. Accu-
mulating all the constants (&, the divisor of P,
and the constant of the tangent transformation
for small angle) into & new constant ¢, we fnd
the following:

e == (P tan o). 4]

In this manner, eye height is very ncarly a
straightforward multiplicative function of the
perspective gradient P for any texture at any
point in the visual feld and tan e, where o is
the optic angle 1o the (exture associated with
the particular P value. The resulis of Exper-
iment |, we believe, demonstrate that the per-
spective gradient and its P values are used by
percervers, and it is fairly obviows that viewers
oight 1o be aware of o, or where within the
field of view they happen 1o be looking with
respect to their feet or 1o the horizon. For any
given plane and the relation of a station point
to it, P+ tan o is very neardy constant and could
serve a8 (nearly) invariant information on
which judgmenis about the flatness of a surface
could be made. Now, this is not to say that
we think eve height is {directly) perceived: our
only point is that invariant eye height is a
corrollary to the flatness of a plane, and that
an invariant ¢ could be information that the
percepiual system uses. What the individual
sees, and what viewers report sceing in our
experiment, is 4 flat surface.

The force of this exercise is 10 demonstrate
how an invariant that generates the perspective
gradient may be useful in judging Aatness, OF
course, one can proceed throwgh the same ex-
ercise for the other two gradients. In a skeichy
way, let us consider density first, Because of
the similarity between Equations 1 and 3, the
samee general end will be reached as in Equa-
tions 4-8, although not quite so simply, To

09

make this vpe of analysis work for density
ome needs to exchange the assumption of
roughly uniform texture size for one of roughly
uniform spacing. In many situations, such as
looking af trees on a savannah or ai rocks on
a desert, the latter assumplion may be less
warranted than ihe former, This fsct, and per-
haps the slighily increased cumbersomencss
of the end expresion (analogous to Equation
B), may contribote to the density gradient
weighing less in ouwr perceplual assay. Another
possibility is that the perspective gradient, as
showm in the middle panel of Figure 3, 15 very
nearly linear for oplic angles greater than 45°,
whereas densty is nearly exponential. This fact
may make perspective information much maore
trustworthy than density as a perceptual an-
chor,

Consider next the compression gradient,
Because of the manner in which compression
i determined in Equation 2, distance & queckly
fialls out of the equation when rearrangements
are made, and there is then no way to substitute
e, of the general height in the plane of & tex-
ture, back into the agquation. Thus, one cannaot
casily fix eve height 10 compression values
within the visual feld. It would scem that
without this anchor, one would be at a dis-
advantage, if not a loss, to determine e, al-
though perhaps some other specification of
flatness could be made. Anather problem with
the use of compression is that il assumes that
textures lie flat on the plane. Rocks, trees, and
animals are usually clear violations of this as-
sumption, perhaps rendering compression in-
formation somewhat less useful for this pur-
posE, We return to the role of compression in
perception of surfaces later.

This, of course, has been only a formal
analysis of why perspective may be 50 impor-
tant in the perception of flat surfaces. We re-
gard it 25 plausible, bul not necessarily defin-
itive, More empirical work is needed. The es-
senoe of our argument is that the perspective
gradient of textures on a flat surface is specified
by uniform eye height, which in turn is co-
specificd by the flatness of the surface. This
may seem circular in logical form, but it is
not, It boils down to ihe idea that the optical
horizontal extent of textures or objects (of
roughly uniform size), in conjunction with in-
formation about their height in the field, is
sufficient information to specify fainess, This
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charactenzation 15 an unfamibar form of a

familiar pictorial cue, linear perspective.

Notes on Lineagr Perspective

Linear perspective, particularly as revealed
in the familiar example of radlroad tracks dis-
appearing into the distance, is messured ex-
acily this way, That is, under conditions of no
tilt, the width between the tracks is directly
related to height in the picture plane (or a)
Because the bed an which the tracks are lnid
is flat, # is constant, and the tracks themselves
project linearly.,

Ome other fact about linear perspoctive
should be considered. Linear perspective oc-
curs under conditions where there is no vari=
ation in absplute size of clements and where
ihere is also no variation o absolule density.
In the railroad track example, the eail textures
remain exactly the same absolute size as they
recede from view, and the distance between
the middle of the rails {hence, density) is also
exactly the same. In the present experiments
we have decoupled the two, gencrating no
variation in size bul statistical variation in
density for surfaces with regular fexture ele-
menis, and generaling independent vanation
in size and density for surfaces with irregalar
texture elements, In both situations perspective
and density accounted for a combined W% of
the variance or betier in scale values across
all measures, suggesting further independence
of these gradients. That is, regularity in the
perspective grasdient accounted for mo more of
the variance than did perspective under sta-
tistical variation (regular vs. irregular-shaped
textures). We anticipate that in viewing silu-
ations with linear perspective, the coupled
perspective and density gradients would also
account for about 0% of the varance. Such
a resuli would be consistent with Attneave and
Olson {1966), Braunstein (1976), and Gillam
(19700,

Compression, Curvature, and a Variant

As with judgments of fatness, there are
protably many ways in which a human or
compaiter vision sysiem may make judgments
of curvature. Becouse our data demand that
we consider compression gradients alone, we
will do just that. But first consider some ar-
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pumenis why perspective and density gradients
may mod sufffice for curvature Judgm:nts.

The perspective gradient essentially regisiers
distance. In three-dimensional seitings, vertical
deviations from flainess are relatively small
when compared with horizontal extent, Con-
sider for a moment a plastic environment with
@ hull that can vary in its heghi: Potential
changes in the overall distance from the eye
mthcpmhufth.isp&rtb:ularplasﬁnhjllm
very small, due to potential varations in the
height ﬂf'lht hill. These Pythagorean relations
are captured as [(e — A¥ + 471", where the
mew term & is the hill height, Since both ¢ and
& will wsually be small compared wath d, the
overall distance from eve to peak will be de-
factor & That this is truc is shown by com-
paring the perspective gradients in the middle
and lower panels of Figure 3. The fact that
the perspective gradient changes littke when a
surface becomes nonflat makes it an unrediable
source of information in registration about
deviations from flatness.

The density gradient abso measures distance,
in pari, and it does this through spacing of
texture elements. Scrutiny of Equations | and
3 shows that density and perspective are related
it and n are related, butl comparison of Equa-
tions 2 and 3 shows that the same is tree for
density and compression. It is this latter re-
lation that contributes to the sharp inflection
showmn inm the bottom panel of Figure 3 for the
density gradient. Ome may think that the peak
in this gradient would be a salient local cue
for the registration of curvature, However, it
miay be that this peak is mostly a function of
ihe comtinuous representation of density as
shown in the Rgure; in the actual stimuli an
interpolated density function may not be
nearly so articulated, That is, given that there
was only an average of 13 “rows” of textures
within the 15" window that comprised the
projection of each stirmulus, there is on average
less than | row per degree. Because the peak,
as 1t would reveal a nonmonotonicity in the
density function, is less than 2" wide, there
may be too few textures within this region to
register the much increased bocal densaty. Thus,
siatistical variations that are present in these
stimuli and that would be likely in the real
world may render density a less eflicacious
source of information about curvalure.
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This leaves compression. Because there is
no absolute shape that is constant For all hills,
we will not look for invarianl informas-
tion abowt curvature. Instead, becauwse the
compression gradient changes broadly and
nonmonotonically  for  the  curved-surface
stimuli, a5 shown for the O fanction in the
bottom panel of Figure 3, aspects of this vari-
ahle function will be enteriained, The question
is: What is it about these changes that makes
compression a salient source of information
about curvature? The answer is thal compres-
siom = part of the crucial mformation that
signals to the observer the relative orientation
of the texture clement with respect to the ob-
server. Optical 8, or slant, is the angle between
the ling of sight and the line passing throagh
the point of regard that is orthogonal 1o the
surface, or the surface normal (see Flock, 1964;
Stevens, 1981h; Witkin, 1981). It is defined
by the following relation:

i = arccos(C}F), i)

where ' and P are the Equation 2 and Equa-
tion | gradients for any fexiure element at any

ARBITHARY LUMITS

= WIEWIMNG WINDOW —
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oplic angle o, As mentioned earier, C/FP is the
compression  gradient, properly measured.
Optical # for both fat and curved surfaces,
then, is a function of compression, and it =
ithe ratio of the funciions shown in the middle
and hotiom panels of Figure 3.

Experiment 2: Assessment of Thresholds for
Curvalure Perception

The compression gradient is shown in Fig-
ure 4 for several tyvpes of surfaces. Function
I represents the gradient for the curved sur-
faces used in Experiment |, and Function 4
represents that for flat surfaces. Function 2 is
the gradient for a hill of the same shape as
Function 1, but only half the height, Function
3 18 for a hill only one quarter of the original
hill height. For hill heaghis only a little greater
than that used in Experiment 1, the ratio dips
below zero, indicating that occlusions have oc-
curred. Since P remains essentially linear, most
af the inflection in these functions is due o
variations in C.

W @ = 0 W

m m | i w

QFTIC AMGLE

Figrere 4. Tho comgpresson gradiemts (/P for those surfnoes shown in the dop panel of Figwre 3, and For
e Other surfeces weed in Experiment L {Function 1 indicates the gradient for the curved surfsce wsed in
the experiment; Panction 2 & for o sunfece of the: same shape bt hall the heght: Funation 3 for onc-gasrier
the height of that for Function 15 and Function 4 for o lat sarface, The compresson gradient & the
imfirmation svileble 1o perteivers 1o determine sant, the angle between the sarface mormal and the BEne
of sight. Chbaervers can jodpe that lls corresponding 1o Fundtions | and I are carwed, bul they canmot for

that of Fancikan 3.)
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One can see that Function 1 is highly ar-
ticulated. A large inflection occurs nearly
seven-cighths up the viewing window, and the
lecation of this inflection can be discerned in
Figure 2 for Stimuli 2, 5, 6, and &. Indeed, all
viewers in the experiment said that they were
particularly aware of this region in their judg-
ments of the curved surfaces. Going back to
Figure 4, one notices that the smaller the hill,
the less articulated the function.

We strongly suspecied that the nonmono-
tonicity of the compression function was the
source of information wsed by perceivers in
their judgments of curved surfaces, In order
o determine if there was meril in this sdea,
we ran four observers through a variant of the
curved-surface task employed in the recently
described experiment. Using Stimulus Types
T and 8§ from Figure 2 in both regular and
irregular versions, we had obscrvers make
pairwise comparisons as o0 which stimulus
looked more like a curved surfice, We started
the observers with hills identical to those shown
in the figure, with maximum elevations of 0. 14
eve heights, All performed perfiectly at this hill
altitude, preferring Stimulus 8 over 7. We then
halved the altitude (0.07 eye heighis), which
generated the compression function shown as
Function 2 of Figure 4. Overall performance
fiell to 73%, but was still reliably above chance.
Halving the hill height again (0.035 eye
heights), generating Function 3, reduced per-
formance 10 chance. Again, there were no
strong differences between regular and irreg-
alar textures on the surfaces; in fact, irregulardy
textured surfaces with hill height elevations of
0.07 eye heights were slightly more discernible
than were their regularly textured counter-
parts. We find it remarkable that the wisual
system is 5o Little perturbed by statistical vari-
ations found in the irmegularly shaped texiures,

We take these data, in connection with the
functions shown in Figure 4, as indicating that
md:mmmﬂmprmnm of curvatures
in surfaces by discerning u.-heﬂ-.r.r there are
discernible nonmonotonicities in the com-
pression gradient, Moreover, discernible non-
monotonicilies are present when observing
surfaces that have smooth curvatures whose
maximum coplanarities are onaly 0,07 times
the eve height, within a window that is between
2 and 5 times the eve height., Thus, in one
slatic view a viewer about 1.67 m (5 ft 5 in.)
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in height could discern a smooth curvature in
i tiled floor of about 0.1 m (4 in.) in height,
when thal bump occurred throughoot a dis-
tance of 3 to 7.7 m (10 to 25 fi). With les
smooth bumps of more local extent bt the
same bheight, more sinking changes in
compression would occur, perhaps even gen-
erating occlusions, It seems likely that these
would be even more discernible. At greater
distances, because of the peometry of occlu-
sions, such hill sizes may be even maore de-
tectabbe than they are between 2 and 5 eve
heights. Add motion gradients and the ability
1o dietest noncoplanarities would surely get
much more acute,

In summary, then, compression {measured
againsl perspective) determines the orientation
of a particular patch of texture in relation to
the line of sight of the viewer. This angle, callad
optical # (Flock, 1964), is the much researched
entity called slant. It appears that changes in
slant, per se, are nol s0 efective in surface
Judgmenis as are changes in the changes of
slant, Slant for a flat surface cannot be relevant
because we know that compression accounis
far so little variance in these judgments, This,
we belicve that moest of the literature on slant
judgments has misapplied the phenomenally
imporiant aspect of slant: Slant does not con-
cern the phenomenal impression of flat sur-
faces, it concerns the impresion of curved
surfaces,

Conjectures About Process

There are few inferences that we can make
about percepiual process, but some logical
considerations about process are in order, Per-
spective and compression, as we have con-
strued them, are orthogonally measured gra-
dients. Perspective is measured at right angles
1o the axis of tilt, and compression is the ratio
of information along that axis as a function
of perspective. Thus, the registration of tilt
{Sievens, 1983) is logically prior (o registration
of gradient information shown useful in these
studies,

Citven roughly circular textures thal project
a3 ellipses on the image plane, the line along
the minor axis of any texture element will
suggest a local axis of till (Stevens, 1981hb,
1983; Witkin, 1981). Marr (1982, p. 234) sug-
gesis that this information is extracted ex-
plicitly, and we agree. This axis, if general io
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the optic array, sets up the coordinate system
for measuring the three gradients. So long as
all textures agree in this measure (and all did
in the studies reported here) the entire plane
will have the same tilt. Small perturbations in
tilt by one texture in a field of others with
identical tlts are probably quite salient, since
viewers are quite good at determining the tilt
of individual patches of wexture (Stevens, 1983
sec also Witkin, 1981). These perturbations
indicate violations of global coordinates for
perspective and compression measures, and
among other things would immediately suggest
the plane s not fat.

Following Marr (1982) and his students, we
suggest that tilt is extracted locally from cach
texiure and from all textures in paraliel
throughout the array. Global comparisons
would then be made acrosa the array. We sug-
gest further that within any region of the optic
array where a surface has generally uniform
tilt {and such regions are nod at all rare in the
natural enviroamenl) comparisons among
textures will be made for perspective and
compression. Comparisons along the perspec-
tive gradient are relevant for determinations
of flatness; comparisons along compression,
for curvature. We make no claim that all the
information in any gradient is used in making
judgments about flatness or curvature, only
that some of it must be used because it is these
gradient relations that carry all the information
aboul textures in our displays. We do suggest,
however, that all the gradient information is
likely to be registered in relatively early stages
of visual processing. In other words, we suggest
that gradients are there {in the stimulus and
visual sysiem) 10 be used.

It is certainly possible that other kinds of
processes are used by the human visual system
in surface perception. Marr (1982, pp. 234-
236), for example, doubis the cfficacy of gra-
dients in this domain, suggesting that they are
derived measures that may have little o do
with percepluil process. We will return 1o this
idea several imes while addressing three other
issues,

Three Oiher Considerations

We wish to address three other points; that
of local versus global analysis of textures, that
of mode of projection (orthographic vs. per-
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spective), and that of the separability of gra-
dienis in the natural environment,

First, consider the issue of local versus global
analyses. The issuc here is often couched in
terms of priority—which comes first? Whereas
this may be an important issue in some sit-
uations {Mavon, 1977; Pomerantz, [983), we
do not regard it as important here. What is
important, we believe, is the level of analysis
that is most pertinent to perceiver and percept.
For maching wigion, Marr {1982} and others
(Stevens, 1981a; Wiltkin, 1981) seem to
strongly prefer local approaches to global ones,
and emphasize the wtility of local analyses,
Thai is, analysis begins on cach local texture,
The orientation of the texture is then discerned
and the relations to other texiures, compuied.
The relations to other textures are guided, in
pari, by the assumption that neighboring ele-
ments have smoothly changing differences be-
tween them (Morr, 1982, pp. 44, 49), This
smoothmess assumption, we believe, almost
guarantees measurable (and even differentia-
bie) gradients. Gradients, in our view and as
supgested above, are the global mformation
measures of surfsces, Since one needs textures
before one can have gradients of textures, we
have no qualm with the necessity of local op-
eralions before global ones. Our point is that
certain relations among the local elements
emerge after this analysis, that these relations
are the gradients, and that the gradients are
the phenomenally relevant level of analysis,
Claims against the effectivencss of gradienis
(e.g., Marr, 1982, pp. 233-239) would appear
1o b2 bused in assertions about priority in the
local/ghobal issue, in incomplete understanding
of the richness in different kinds of gradients,
and in the failure to realize that the smoothniess
assumption is precisely what can be tested by
research on gradients.

Second, we believe that perspective (or polar)
projection is absolutely essential 1o research
on the visual perception of surfaces. We find
it odd that most machine-vision approaches
have used orthographic (or parallel) projection
(Marr, 1982; Stevens, 1981a; Ullman, 1979;
Witkin, 1981; see also Sedpwick, 1980, and
Todd, 1982, for analyses of projective meth-
ods). Our objections to orthographic projec-
lion in general are twofold: {a) Most objects
under our scrutiny in the real world are rel-
atively near to us. Perspective projection cap-
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tures variation in nearness; orthographic pro-
jection simulates infinite viewing distance, a
situalion approximated only when looking
through telescopes at small, distant objects.
Thus, orthographic projection is “unnatural,”
(b) Orthographic projection nullifies all three
gradients. That ig, it is unnatural in a particular
way. Under orthographic projection, and under
ihe assumption that exiures are roughly the
same absolule size, fAatness, and spatial sep-
aration, the gradients cannot possibly be usefil
o a perceiver because they will not be present
in the stimulus. Yet we believe that our results
shiw that gradient information is crucial in
Judgments of flat surfaces receding in the dis-
tance.

To be sure, Lillman { 1979, chap. 4) propossd
a hvbrid “‘polar-parallel™ scheme, where local
analvses are carried out in an orthographic
system of coordinates and then combined later
by comparing different axes of projection into
a polar systemn. This scheme, according to UI-
man (1979), is both computationally man-
ageable and perceptually plausible. We have
no qualm with either of these points, nor with
the general scheme, but it does seem inclegant,
Why not start with a polar scheme rather than
adding the extra step of converting to it? Ull-
man {1979, p. 155) has three replies He claims
that a polar perspective system al initial stages
of image analysis (a) is inherently susceptible
o errors because of the relative smallness of
perspective effects, (b)) is usually compata-
tionally more complex than a parallel system,
and (c) leads to performance superior to that
usually attained by the human visual system.
In response, we would say that (a) because the
results of our experiments suggest that small
projective effects perfusing large regions of the
optic array can lead 1o large perceptual effiects,
redundancy can efficiently overcome  mea-
surement error in the image, (B) given our
basic ignorance about the algorithms of the
visual system and our increasing knowledge
about their complexity, there is no real reason
to feel constrained in our choice of compu-
tational algorithms in biological systems by
the case of implementation of them on digital
computers (see Marr, 1982, chap, 1), and (c)
asessments of what the visual system can do
are always filicred through responses, inter-
vEning processes, amd motivational concerns
that can, and almost certainly do, degrade our
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estimates of its akdlity, In other words, although
we fecl that Ullman’s polar=parallel scheme
is workable, a purely polar scheme may be
equally workabée for a complex biological ma-
ching, and the latter scheme is our esthetic
preference.  Esthetic judgments aside, there
iy be litthe empirical justification 1o chooss
between the bao.

Third, some rescarchers may object to our
orthogonal manipulation of gradients. The
world, they may angue, does not present itsell
to wiewers with noncorrelated sources of in-
formation as we have over the course of Ex-
periment 1. We have two responsss to this
point. (a} Oaur data, in the sense thai the scale
solutions show additivity of gradient infor-
mation, do not show any systematic interac-
tions or synerpies of information, Thus, view-
&% Appear 1o treat the information separably,
Of course, a counter to this response is that
the demand character of the experimental set-
ting and of the stimulus sets encouraged in-
dependence, Our parry, then, is simply to state
that this is exactly what we hoped to show;
Viewers can treat the varioos, independently
specified gradients as independent. (b) Maore
decply, however, we note that the three gra-
dients investigated here are based on inde-
pendent assumplions about the real world.
Some of these assumplions hald in some en-
vironmenis, but not in others, and the match
across enviromments and assumplions seemis
far from perfect. Only in highly artificial en-
vironments—for example, when looking at
tiled floors inside buildings—are these three
gradients indivisibly yokexd,

In natural environments the three gradients
are, al best, moderately correlated. For ex-
ample, consider the case when looking oul a
second-story window at a piazza crowded with
sightseers, where each person is considered a
texture element, The assumption of equal ab-
solute size of people=iextures seems likely to
be more valid than the assumption of equal
distances among people-textures, which in
furn i more valid than the assumption that
the people lic flat on the plane (which is pa-
tently false although they do stand on the flat
plane). In contrast, consider the case when
leoking at the litter on the floor of an arena
after a sporting event or a rock concert, where
the peeces of litler are the texture elements,
The assumption that the Iitter lies Hat on the
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plane seems Ekely to be more valid than either
the assumption about equal spacing or that
about equal size, It seems likely, however, that
im the first case a flat surfoce is implicii, where
the planar elements consist of people’s heads
above the piazza; and in the second case the
flat surface is equally implicit, where the planar
elements consist of the shreds of paper and
plastic. Thus, we believe that the world is fur-
nished in such a way that gradients are sep-
arable. Given the less-than-complete coupling
among the three assumplions, and their cor-
responding gradients, separable sources of in-
formation may be necessary for systematic
percepdion in the fess-than-systematic envi-
ronments that we find ourselves in every day.

Conclusions

Throughout this article we have concerned
ourselves with three assumptions. The first as-
sumpdion % that texiure elements on a surface
are of roughly the same size. By this we mean
that although there may be textures differing
in size a8 boulders and blades of grass, most
all bowlders are of the same size and most all
blades of grass are of the same size. We do
not see that statistical variation s a problem,
and to & remarkable degree the human visual
system doesn't either: The results with ran-
domly shaped (and thus differently sized) tex-
tures were no different than those with reg-
ularly shaped textures on either flat or curved
surfsces. This size assumplion i the basis for
the regularity of the perspective gradient. For
flat surfaces, iwo regularities fall out of these
relations. First, the optically measured hori-
zontal extent of any texture clement is a func-
tion of distance; and second, distance is a
function of optical angle «, or height in the
plane. These relations, of course, are not per-
fectly invariant, but they are generally so and
can serve as the information source that per-
cervers use about the Matness of a surface,

The second assumption is that texiure ele-
menis lie flat or nearly flat on ihe plane. This
assumption is probably justifiable in fewer sit-
uations than is the first assumption; as men-
tioned carlier, trees, animals, and many other
objecis thai we find on surfaces are not fune-
tionally flat. Even grass viclds a compression
gradient inverse to that of flat textures: Look-
ing down on the blades foreshoriens them
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more than looking at them a fow vards away
from one's feet. But absolute flatness against
the surface nead not alwass be attained, be-
cause the randomly shaped textures can be
interpreted as objects; like rocks, which erupt
owt of the surfsce to somewhat different
heights. Also, compressionlike gradients can
be found elsewhere than on the surface of sup-
port. A flock of sheep seen from a distance
reveals a compressionlike gradient as measured
across the flanks and backs of each animal,
The flatmess assumption, of course, 15 the basts
we use for compression gradienis. As discussed
earfier, it is also the basis of measures of slant.
We believe that the data of the present study
demonstrate that compression is not an im-
portant gradient for ithe perceplion of a Mat
surface, but that it is erucial for the perception
of curvature. What observers appear to discern
are changes in the changes of compression, or
the second dervative. More particularly, non-
monotonicities in the compression gradient
appear to be salient Jocal sources of infos-
mation about curvature, Unlike the use of
perspective information, especially s i1 reveals
the invariant of eve height and hence the fat-
ness of a plane, the use of compression in-
formation appears 1o entall no Invariant
Varianis, particularly local inflections in the
gradient, appear 1o be most importani.

The third assumpdion is that texture ele-
ments have roughly uniform spacing. Because
we were inferested in perspective gradienis,
and not linear perspective, we chose to stagger
the texture elemenis i all of our displays,
making the statistical scparation between ele-
ments uniform or nonuniform depending on
our purposes. It seems o us that the assump-
tion of even roughly equal distribution may
be the most problematic of the three assump-
tions for most situations. The problem may
not be so much that objects in the world are
not roughly uniformly spaced; they may in-
deed be in more situations than not. But the
uniformity of spacing may be out of scale 1o
the purposes of the animal, Acacia trees may
be uniformly spaced on a savannah, but this
probably does not mean that their spacing
would be a good source of imformation For
flatness or curvature judgments. There are far
oo few of them. Perspective would be better
for the former judgment, and trectop height
for the latter. Relative densities may be either
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foo low as in this case, or oo high in others
&3 in the case of blades of grass (Flock, 1964),
for density values 1o be perceptually relevant,
or even perceptually discernible. The data of
Experiment | appear to indicate that density
gradients are of secondary importance, and
probably wseful only insofar as they reinforce
perspective gradients, as in the case of linear
perspective.
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